This paper shows a brief review on CDCC and the microscopic reaction theory as a fundamental theory of CDCC. The Kerman-McManus-Thaler theory for nucleon-nucleus scattering is extended to nucleus-nucleus scattering. New development of four-body CDCC is presented. An accurate method of treating inclusive reactions is presented as an extension of CDCC and the Glauber model. §1. Introduction
§1. Introduction
The construction of microscopic reaction theory is one of the most important subjects in nuclear physics. It is a goal of the nuclear reaction theory. Furthermore, the construction is essential for many applications. Particularly for the scattering of unstable nuclei, there is no reliable phenomenological optical potential, since measurements of the elastic scattering are not easy. An important theoretical tool of analyzing inclusive reactions is the Glauber model. 1) The theoretical foundation of the model is shown in Ref.
2). The model is based on the eikonal and the adiabatic approximation. It is well known that the adiabatic approximation makes the removal cross section diverge when the Coulomb interaction is included. The Glauber model has thus been applied mainly for lighter targets in which the Coulomb interaction is negligible; see for example Refs. 3), 4), 5), 6), 7), 8), 9) and Refs. 10), 11) for Coulomb corrections to the Glauber model.
Meanwhile, the method of continuum discretized coupled channels (CDCC) 12), 13) is an accurate method of treating exclusive reactions such as the elastic scattering and the elastic breakup reaction in which the target is not excited. The theoretical foundation of CDCC is shown in Refs. 14),15),16). Actually, CDCC has succeeded in reproducing data on the scattering of not only stable nuclei but also unstable nuclei; see for example Refs. 17), 18), 19), 20), 21), 22), 23), 24), 25), 26), 27), 28) and references therein. The dynamical eikonal approximation 29) is also an accurate method of treating exclusive reactions at intermediate and high incident energies where the eikonal approximation is reliable. The nucleon removal reaction is composed of the exclusive elastic-breakup component and the inclusive nucleon-stripping component. CDCC and the dynamical eikonal approximation can evaluate the elastic-breakup cross section, but not the stripping cross section.
The experimental exploration of halo nuclei is moving from lighter nuclei such as He and C isotopes to relatively heavier nuclei such as Ne isotopes. Very recently, Takechi et al. measured the interaction cross section σ I for the scattering of 28−32 Ne at 240 MeV/nucleon and found that σ I is quite large particularly for 31 Ne. 30) A halo structure of 31 Ne was reported with the experiment on the one-neutron removal reaction. 31) This is the heaviest halo nucleus in the present stage suggested experimentally and resides in the "Island-of-inversion" region. Determining the spin-parity of 31 Ne is essential to understand the nature of "Island of inversion". This paper shows a brief review on recent development of CDCC and the microscopic reaction theory that yields the foundation of CDCC. We present the microscopic reaction theory in Sec. 2 and new development of four-body CDCC in Sec. 3 . We finally propose an accurate method of treating inclusive reactions as an extension of CDCC and the Glauber model in Sec. 4 
. §2. Microscopic reaction theory
In this section, we present a microscopic reaction theory for nucleus-nucleus scattering. This is an extension of the Kerman-McManus-Thaler formalism 32) of the multiple scattering theory 33) for nucleon-nucleus scattering to nucleus-nucleus scattering. In principle this reaction theory is applicable for many cases, but we consider the simple case in which the projectile breakup is weak, because it is not easy to perform fully-microscopic calculations including the projectile breakup. In the case, the theory is reduced to the double-folding model with the effective nucleonnucleon (NN) interaction. The double-folding model is applied to nucleus-nucleus scattering at intermediate energies, particularly the scattering of Ne isotopes. The breakup effect is estimated by reducing the microscopic model to a three-body model and solving the three-body model with CDCC. This section is a brief review of Refs. 34), 35), 36).
Model building
Let us consider the scattering of projectile (P) on target (T). The most fundamental equation for this case is the many-body Schrödinger equation with the realistic nucleon-nucleon (NN) interaction v ij . The multiple scattering theory 33), 32) for nucleon-nucleus scattering was extended to nucleus-nucleus scattering. 2) According to the theory, the many-body Schrödinger equation is approximated into
where E is an energy of the total system, K is a kinetic energy of the relative motion between P and T, and h P (h T ) is an internal Hamiltonian of P (T). Here τ ij is the effective NN interaction in nuclear medium. The Brueckner g-matrix has commonly been used as τ in many applications; see for example Refs. 37), 38), 39), 40), 41), 42), 43), 44), 45). The g-matrix interaction includes nuclear-medium effects, but not the effect of collective excitations induced by surface vibration and rotation of finite nucleus, since the interaction is evaluated in nuclear matter. The effect of collective excitations is small for intermediate energy scattering, as shown later. The Glauber model is based on the eikonal approximation for NN scattering and the eikonal and adiabatic approximations for nucleus-nucleus scattering. The condition for the eikonal approximation to be good is
where E N N and k N N represent a kinetic energy and a wave number, respectively, of the relative motion between colliding two nucleons, and a is a range of v ij . This condition is not well satisfied for the realistic NN potential that has a strong shortranged repulsive core at small relative distance (r N N ) between two nucleons; for example, v ij ∼ 2000 MeV at r N N = 0 for AV18. 46) Actually, the eikonal approximation is not good for NN scattering due to v ij , as shown in the left panel of Fig. 1 . To avoid this problem, a slowly-varying function such as the Gaussian form is used in the profile function of the Glauber model. 47) This procedure is justified in the following.
In general, the g-matrix has much milder r dependence than the bare NN potential v ij . 2) For example, the JLM g-matrix 38) keeps this property. This means that the g-matrix is more suitable than v ij as an input of the Glauber model. Actually, the eikonal approximation is quite good for NN scattering due to the JLM g-matrix, as shown in the right panel of Fig. 1 . The Glauber model 1) is then more applicable to Eq. (2 . 1) than the original many-body Schrödinger equation with v ij . In this case, the input of the Glauber model is not the profile function proposed in Ref. 47 ) but the g-matrix. 2) At higher incident energies where the Glauber model is used, the g-matrix is reduced to the t-matrix that has no medium effect. The t-matrix also has weak r N N dependence. 2) This fact justifies the usage of the profile function with the Gaussian form. 
Application of double-folding model to reaction cross sections for Ne isotopes
We analyze the scattering of Ne isotopes from a 12 C target at 240 MeV/nucleon. In the scattering the projectile breakup is weak, since the target is light and E is large; see Sec. 2.3 for the point. The double-folding model becomes reliable in this situation. In the model, the potential U between P and T consists of the direct and exchange parts. 48), 49) The exchange part is non-local, but it can be localized with the local semi-classical approximation 39) in which P is assumed to propagate as a plane wave with the local momentum within a short range of the NN interaction. The validity of this localization is shown in Ref. 50) . As the g-matrix interaction we take the Melbourne interaction 44), 51) that is constructed from the Bonn-B NN potential. 52) The projectile densities are constructed by either (I) by antisymmetrized molecular dynamics (AMD) 53) with the Gogny D1S interaction 54), 55) or by (II) the deformed Woods-Saxon (DWS) model 36) with the deformation evaluated by AMD. Model I has no adjustable parameter, but the density is inaccurate in the asymptotic region. Model II provides the density with the proper asymptotic form, but the model includes potential parameters. As the potential parameter set, we use the parameter set recently proposed by R. Wyss. 56) This set is intended to reproduce spectroscopic properties of high-spin states from light to heavy deformed nuclei, e.g., the quadrupole moment and the moment of inertia, and at the same time the root mean square (RMS) radius crucial for the present analysis. 20 Ne is deduced from measured σI at around 1 GeV/nucleon 57) with the Glauber model.
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In the left panel, the solid (dotted) line represents the results of AMD (spherical Gogny-HF). A closed square is the result of AMD with the tail and breakup corrections. In the right panel, the dotted line represents the results of the DWS model, while the solid line corresponds to the results of AMD. Figure 2 represents the total reaction cross section σ R for the scattering of Ne isotopes on a 12 C target at 240 MeV/nucleon. As shown in the left panel, the AMD calculations (solid line) succeed in reproducing the data, 30) whereas the spherical Gogny Hartree-Fock (HF) calculation (dotted line) undershoots the data; note that the spherical Gogny-HFB calculation yields the same result as the spherical Gogny-HF calculation within the thickness of line. The nuclei with A > 30 are unbound in these spherical calculations. The enhancement from the dotted line to the solid line comes from the deformation of the ground state, since the deformation is a main difference between the two calculations. The deformation increases the σ R by at most 5%. The AMD results are consistent with all the data except 31 Ne. The underestimation of the AMD result for 31 Ne comes from the inaccuracy of the AMD density in its tail region.
The tail problem is solved by the following resonating group method (RGM). 35 30 Ne includes many excited states with positive-and negative-parity below 10 MeV in excitation energy. This AMD+RGM calculation is quite time consuming, but it is done for 31 Ne. The tail correction to σ R is 35 mb that corresponds to 2.5% of σ R . The reaction cross section with the tail correction (a square symbol) well reproduces the experimental data 30) with no adjustable parameter. Thus 31 Ne is a halo nucleus with large deformation. The DWS model 36) well simulates the result of AMD+RGM for 31 Ne, as shown in the right panel of Fig. 2 . This may suggest that the DWS model is a handy way of simulating the AMD calculation with the tail correction. The difference between the AMD model and the DWS model for 28−32 Ne may show tail corrections to the AMD results.
The same analysis is made for the scattering of Ne isotopes on a 28 Si target at 38-60 MeV/nucleon. As shown in Fig. 3 , the deformation effect is significant also for the lower incident energies, and consequently, the double-folding model yields better agreement with the experimental data, 58) where a normalization factor is multiplied in the theoretical results so as to reproduce measured σ R of 12 C+ 12 C scattering at 38-60 MeV/nucleon. 
Breakup, dynamical deformation and reorientation effects
For a weakly bound system such as 31 Ne, the projectile breakup effect is not perfectly negligible. This effect is estimated by assuming the two-body model for the 30 Ne+n system and solving the three-body dynamics of the 30 Ne+n+ 12 C system with CDCC. Here the potential between 30 Ne and 12 C and that between n and 12 C are constructed with the double-folding model with the Melbourne g-matrix, and the potential between 30 Ne and n is made with the well-depth method; see Refs. 59) for the potential parameters. The correction is 10 mb corresponding to 0.7% of σ R .
When the projectile is deformed in the intrinsic frame, the deformation enlarges the radius of the projectile density in the space-fixed frame and eventually enhances the reaction cross section. This static deformation effect has already been included in the double-folding model by making the angular momentum projection. Another effect is the dynamical deformation effect, i.e., the effect of rotational motion of deformed projectile during the scattering. This effect on σ R is small for intermediateenergy nucleus-nucleus scattering. 34) This has been confirmed with the adiabatic approximation to the rotational motion of projectile and the eikonal approximation to the relative motion between projectile and target. 34) In this subsection, the effect is estimated with no approximation. For this purpose, we consider the scattering of 30 Ne from 12 C at 240 MeV/nucleon and do coupled-channel calculations between the 0 + ground state and the first 2 + state of 30 Ne. The projectile density is calculated by the DWS model with the deformation evaluated by AMD. The coupling potentials in the coupled-channel calculations are obtained by the so-called single-folding model. Namely, the nucleon-12 C potential is first evaluated by folding the Melbourne-gmatrix interaction with the target density and the coupling potentials are obtained by folding the nucleon-12 C potential with the projectile transition densities.
In the single-channel calculation with no dynamical deformation effect, the resultant reaction cross section is 1469 mb. This result overestimates the corresponding result of the double-folding model by about 10 %, which is accurate enough for the present test. In the coupled-channel calculation, the resulting reaction cross section is 1468 mb. Thus the dynamical rotation effect on the reaction cross section is estimated as less than 0.1 %. The reason why the effect is small for intermediate-energy nucleus-nucleus scattering is shown in Ref. 34 ). The integrated inelastic cross section to the first 2 + state is 2.9 mb. This is 0.2 % of σ R , indicating that σ I ≈ σ R .
The folding potential U is not spherical in general, when the spin of projectile is not zero. This reorientation effect is also tested by the coupled-channel calculation for the scattering of 31 Ne(3/2 − ) from 12 C at 240 MeV/nucleon, where the singlefolding model is used. The resultant reaction cross section is 1512 mb, whereas the corresponding cross section is 1515 mb when the non-spherical part of U is switched off. The reorientation effect is 0.2 % and hence negligible for intermediate-energy nucleus-nucleus scattering.
Summary on microscopic reaction theory
We have constructed a microscopic reaction theory for nucleus-nucleus scattering, using the multiple scattering theory. This is an extension of the Kerman-McManus-Thaler theory for nucleon-nucleus scattering. In the theory, nucleusnucleus scattering is described by a multiple scattering series due to the g-matrix NN interaction instead of the realistic one. The former has much milder r-dependence than the latter and therefore the Glauber model is applicable for this theory with high accuracy.
In the nucleus-nucleus scattering from lighter targets at intermediate energies, the breakup effect is small and hence the double-folding model becomes reliable. In this situation, we can use the double-folding model in which projectile and target densities are constructed with fully microscopic structure theories such as AMD, HF and HFB. These fully microscopic theories have been applied to measured reaction cross sections for Ne isotopes. In the Island-of-inversion region, the nuclei are strongly deformed. In particular, 31 Ne is a halo nucleus with strong deformation. The dynamical deformation effect and the reorientation effect are also found to be small, so that the interaction cross section is identical with the reaction cross section with high accuracy. §3. Four-body CDCC In this section we present a method of treating four-body scattering in which the projectile breaks up into three constituents. This method is called four-body CDCC. In this method, the three-body continuum states of projectile are discretized by diagonalizing the internal Hamiltonian of projectile with the Gaussian basis functions. This discretization is called the pseudo-state method. Recently, we proposed a novel method of calculating continuous breakup cross sections with the complex-scaling method. 60), 61) This section is a brief review of Refs. 22), 23), 28).
Formulation
We consider the scattering of 6 He as a typical example of four-body breakup reactions. Here we focus our discussion on the differential breakup cross section. The scattering of 6 He on a target A is described by the four-body Schrödinger equation
with the outgoing boundary condition, where the total energy E tot satisfies E tot = E CM in + ε 0 for the corresponding incident energy E CM in in the center-of-mass system and the ground-state energy ε 0 of 6 He. The total Hamiltonian H is defined by
where h P is the internal Hamiltonian of 6 He. The relative coordinate between 6 He and A is denoted by R and the internal coordinates of 6 He are by a set of Jacobi coordinates, ξ = (y, r). Momenta conjugate to R and (y, r) are represented by P and (p, k), respectively. The kinetic energy operator associated with R (ξ) is represented by K R (K ξ ), V xx ′ is a nuclear plus Coulomb interaction between x and x ′ , and U xA and V Coul xA are nuclear and Coulomb potentials between x and A, respectively. In CDCC with the pseudostate discretization method, the scattering is assumed to take place in a modelspace: 20), 21), 22), 23)
where Φ γ is the γ-th eigenstate obtained by diagonalizing h P with L 2 -type basis functions. The four-body Schrödinger equation is then solved in the modelspace:
The modelspace assumption has already been justified by the fact that calculated elastic and breakup cross sections converge with respect to extending the modelspace. 20 
), 21), 22), 23)
The exact T -matrix element to a breakup state with (p, k) can be described by 
where E tot − ε = ( P ) 2 /(2µ R ) and ε = ( p) 2 /(2µ y ) + ( k) 2 /(2µ r ) for reduced masses µ R and µ ξ of coordinates R and ξ, respectively. Inserting the approximate complete set Eq. 
with the CDCC T -matrix element
to the γ-th discrete breakup state Φ γ with eigenenergy ε γ . Here Eq. (3 . 9) is derived by replacing P by P γ in χ (−) ε (P ). The T γ are obtainable with CDCC, but it is quite hard to calculate the smoothing factor ψ (−) ε (p, k)|Φ γ directly with either numerical integration 24) or the complex-scaling method. 25) Hence, we propose a new way of obtaining the differential cross section with respect to ε without calculating the smoothing factor. Using Eq. (3 . 9), one can rewrite the differential cross section into
with the generalized response function 12) where
There is no smoothing factor in Eq. (3 . 12), as expected. The propagator G (−) operates only on spatially damping functions Φ γ . This makes the calculation of Φ γ |G (−) |Φ γ ′ feasible. In order to calculate Φ γ |G (−) |Φ γ ′ , we use the complex-scaling method in which the scaling transformation operator C(θ) and its inverse are defined by
(3 . 14)
Using the operators, one can get
where
with h θ P = C(θ)h P C −1 (θ). When −π < θ < 0, the scaled propagator ξ|G
θ |ξ ′ is a damping function of ξ and ξ ′ ; note that θ is negative since G (−) has the incoming boundary condition. The scaled propagator can be expanded with L 2 -type basis functions with high accuracy:
where φ θ i is the i-th eigenstate of h θ P in a modelspace spanned by L 2 -type basis functions, φ θ i |h θ P |φ θ i ′ = ε θ i δ ii ′ . Inserting Eq. (3 . 17) into Eq. (3 . 12) through Eq. (3 . 15) leads to a useful form of
This method does not require to calculate the exact three-body continuum states ψ 
Differential breakup cross section for 6 He scattering
In Fig. 4 , the calculated breakup cross sections are compared with the experimental data 62) on 6 He+ 12 C and 6 He+ 208 Pb reactions at 240 MeV/A. In the calculation, we take the same potentials as in Ref. 63 ) for n-208 Pb and α-208 Pb subsystems. The optical potential for n-12 C subsystem is taken from the global nucleon-nucleus potential, 64) while the optical potential for α-12 C subsystem is constructed from the 12 C+ 12 C potential at 200 MeV/A 65) by changing the radius parameter from 12 C to α. Nuclear breakup is dominant for 6 He+ 12 C scattering at 240 MeV/A, while Coulomb breakup to 1 − continuum is dominant for 6 He+ 208 Pb scattering. For 12 C target, the present theoretical result is consistent with the experimental data except for the peak of the 2 + -resonance around ε = 1 MeV. Similar overestimations are also seen in the results of four-body distorted-wave Born approximation (DWBA). 66) For 208 Pb target, the present method underestimates the experimental data at ε > ∼ 2 MeV. A possible origin of this underestimation is that the inelastic breakup reactions are not included in the present calculation. It has been reported in Ref. 66 ) that the inelastic breakup effect is not negligible and thereby the elastic breakup cross section calculated with four-body DWBA underestimates the data.
Summary on four-body CDCC
We have proposed a new version of CDCC for treating four-body breakup. This method is called four-body CDCC. In the method, the three-body continuum of projectile is treated with the complex-scaling method. The validity of this method is checked for not only the elastic scattering but also the breakup reactions of 6 He. Clear convergence with respect to expanding the modelspace is seen in both the elastic and the breakup cross section. Four-body CDCC with the complex-scaling method is indispensable to study properties of unstable nuclei with two-neutron halo structure. §4. Eikonal reaction theory
In this section, we present an accurate method of treating neutron removal reactions at intermediate incident energies as an extension of CDCC and the Glauber model. This method is referred to as the eikonal reaction theory. This section is a brief review of Refs. 67), 68).
Formulation
Let us assume that a projectile (P) consists of a core nucleus (c) and a neutron (n). The scattering of P on a target (T) is then described by the three-body (c+n+T) Schrödinger equation
with the interaction with the wave-number operatorK = 2µ(E − h)/ and the velocity operator v = K /µ of the relative motion between P and T, where P is the path ordering operator. In the Glauber model, the adiabatic approximation is made as the secondary approximation in which h is replaced by the ground-state energy ǫ 0 , and henceÔ † UÔ and P in (4 . 3) are reduced to U/( v 0 ) and 1, respectively, where v 0 is the velocity of P in the ground state relative to T.
The operatorÔ shows internal motions of c and n during the scattering. The movement is small for short-range nuclear interaction, but not for long-range Coulomb interaction. This means that U (N) n is commutable withÔ with high accuracy:
For the scattering of 31 Ne(1p3/2) from a 208 Pb target at 240 MeV/nucleon, the error due to the replacement (4 . 5) is estimated with CDCC; it is 0.2% for the reaction cross section σ R , 1.9% for the breakup cross section σ bu , 4.1% for the stripping cross section σ str . Using this replacement, one can get an important result
Thus S can be separated into the neutron part S n and the core part S c . One can not calculate S c directly with Eq. (4 . 8), because it includes the operatorsÔ and P. However, S c is the solution to the Schrödinger equation 30 Ne(0 + ) ⊗ 1p3/2 (S ∼ 0.69). We adopt in the following this configuration.
The potential V between c and n is not well known. Hence, S has a theoretical error coming from the potential ambiguity. The error is often estimated by changing the potential parameters by 30%. When the one-neutron separation energy B n of 31 Ne is 0.33 MeV, S = 0.693 ± 0.133 ± 0.061 for 12 C target and 0.682 ± 0.133 ± 0.062 for 208 Pb target, where the second and third numbers following the mean value stand for the theoretical and experimental uncertainties, respectively. Thus S includes a sizable theoretical error. This situation completely changes if we look at the asymptotic normalization coefficient (ANC) C ANC . 69) When B n = 0.33 MeV, C ANC = 0.320 ± 0.010 ± 0.028 fm −1/2 for 12 C target and 0.318 ± 0.008 ± 0.029 fm −1/2 for 208 Pb target. Thus, C ANC has much smaller theoretical errors than S. This means that the one-nucleon removal reaction is quite peripheral.
The eikonal reaction thoery for two-neutron removal
The eikonal reaction theory is applicable for two-neutron removal reactions. Here we show the application for the scattering of 6 He from 12 C and 208 Pb targets at 240 MeV/nucleon. In this case, the projectile is a three-body system and hence fourbody CDCC should be used. The potentials for n-target and α-target subsystems are calculated by the folding procedure shown in Sec. 2.2. The wave functions are obtained by spherical Gogny-HF calculations. Table II shows the integrated cross sections for two-neutron removal of 6 He. Our results are almost consistent with the experimental data. 62) Thus we can clearly see the reliability of the eikonal reaction theory for two-neutron removal reactions on both light and heavy targets. 
Summary on the eikonal reaction theory
We have presented an accurate method of treating neutron removal reactions at intermediate energies. In the theory, the nuclear and Coulomb breakup processes are accurately and consistently treated by CDCC without making the adiabatic approximation to the latter, so that the removal cross section calculated with the method never diverges even in the presence of the Coulomb interaction. For lower incident energies where the eikonal approximation is not perfectly accurate, one should make non-eikonal corrections to inclusive cross sections. This can be done easily by using CDCC instead of eikonal-CDCC.
C ANC and S of the last neutron in 31 Ne are evaluated from the measured oneneutron removal reaction. C ANC has a smaller theoretical error and weaker targetdependence than S. Thus, C ANC is determined more accurately than S. When the last neutron of 31 Ne is in the 1p3/2 orbit, S < 1 for B n < ∼ 0.6 MeV, and S and C ANC have weaker target dependence. When the last neutron is in the 1f 7/2 orbit, meanwhile, S > 1 and S and C ANC have stronger target dependence. These results indicate that the last neutron is mainly in the 1p3/2 orbit. This means that 31 Ne is deformed. This is consistent with our result in Sec. 2.2. The accuracy of the Glauber model is systematically investigated for deuteron scattering at 200 MeV/nucleon; see Ref. 68 ) for the details.
